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Abstract
We extend to p = 2 and p = 3 the result of Gillard and Schneps which says that
the µ-invariant of Katz p-adic L functions attached to imaginary quadratic fields is
zero for p > 3. The arithmetic interpretation of this fact is given in the introduction.
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1 Introduction
Let k ⊂ C be an imaginary quadratic field and let us denote by Ok its ring of integers.
let p be a prime number which splits completely in k, that is pOk = pp¯, where p and p¯
are the prime ideals of Ok above p. Let us also fix K a finite abelian extension of k. Then
we denote by K∞ (resp. k∞) the unique Zp-extension of K (resp. k) unramified outside
of p. Of course we have K∞ = Kk∞. We are interested in the Galois group
X∞ := Gal(M∞/K∞),
where M∞ is the maximal abelian p-extension of K∞ unramified outside of p. Let us
write Γ for the Galois group of K∞/K, Γ := Gal(K∞/K), then X∞ is naturally a module
over the Iwasawa algebra Λ := Zp[[Γ]]. Moreover, Greenberg has proved in [12, Remark
at the end of §4] that X∞ is a finitely generated torsion Λ-module and has no nontrivial
finite Λ-submodule. Using an isomorphism Λ ≃ Zp[[T ]] we may write a generator of the
characteristic ideal of X∞ as p
µP (T ), where µ is a non-negative integer and P (T ) is a
distinguished polynomial.
Theorem 1.1. (Gillard for all k, [9, 10] and Schneps for k principal, [23]) The invari-
ant µ vanishes for p ≥ 5.
The ingredients used by Gillard to prove this important result are essentially:
1) The algebraic independance of formal multiplications on elliptic curves.
2) The p-adic L functions for p ≥ 5.
The first ingredient is absolutely general and does not use the hypothesis p ≥ 5. It is
the analogue of the algebraic independance result used by Sinnott in [27] to obtain a new
proof of the theorem of Ferrero and Washington, cf. [6]. Moreover, the p-adic L functions
used by Gillard were constructed and studied by him only for p ≥ 5. Fortunately these
functions are available for any p. They are constructed for instance in [7]. In this paper
we prove
Theorem 1.2. µ = 0 for all p.
Our proof uses the approach of Gillard. It is valid for any prime p. The informed
reader knows the crutial role of the p-adic L-functions for our purpose. For example each
of the Iwasawa invariants of X∞ is related to the corresponding invariants of the p-adic
Lp,fχ0 -functions defined in section 6. This fact is proved in [7, Theorem 2.1 Chapter III,
page 109] when p ≥ 3 and follows from (40) in the general case. For these reasons we have
devoted most of this text to the construction and study of the p-adic L functions. In this
we rely on the book of de Shalit, cf.[7]. In particular we use a special class of CM elliptic
curves, whose description is given in section 3 below. The Robert elliptic ψ-functions
obtained from theses curves give us both elliptic units and the associated Coleman power
series. We transform these power series into integral measures and then we obtain our
p-adic L-functions by integrating characters. Let us observe that the elliptic curves used
have complex multiplications by Ok and have good ordinary reduction at p. This requires
us to use generalized Weierstrass equations to obtain integral models at any pre-
determined prime p, especially at p = 2 or p = 3. Also we should mention that it is the
first time Robert’s ψ-functions are used for the construction of p-adic L functions. De
Shalit and Gillard have used their 12-th power. See section 3.
Recently Ashay Burungale and Ming-lun Hsieh proved in [3] that the µ-invariant of
p-adic Heck L-functions for CM fields vanishes for any ordinary prime p > 2. On may ask
if it is also the case for p = 2.
2 Notations and conventions
Throughout this paper we denote by Q the algebraic closure of Q in C and we see all our
number fields as subfields of Q. By definition kab is the abelain closure of k in Q. We
choose, once for all, an embedding
ip : Q −→ Cp,
such that p is the prime ideal of k defined by ip. We denote by P the prime of Q
determined by ip and for a subfield H of Q we denote by HP the completion of ip(H) in
Cp. By log : C
×
p −→ Cp we shall mean the p-adic logarithm map satisfying log(p) = 0.
Let K be a finite abelian extension of k and let E be a subgroup of finite index in the
group of units O×K of K such that ε1, . . . , εd−1 is a basis of E modulo torsion (d = [K : k]).
Let τ1, . . . , τd be the embeddings of K in Cp that induce p on k. Let us remark that for
every i there exists a unique σi ∈ Gal(K/k) such that τi = ip ◦ σi. Then we define the
p-adic regulator of E by
Rp(E) := det(log τi(εj))1≤i,j≤d−1.
If E = O×K then we write Rp(K) instead of Rp(O
×
K).
Let us denote h(K) the ideal class number of K, µ(K) the group of roots of unity in
K and wK the order of µ(K). If a is a fractional ideal of k prime to the conductor of K/k
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then we denote (a, K/k) the automorphism of K/k associated to a by the Artin map. If f
is an integral ideal of k then we write k(f) for the ray class field modulo f. Hence, k(1) is
the Hilbert class field of k. As always the number of roots of unity congruent to 1 modulo
f will be denoted wf.
3 Robert elliptic functions and Shimura curves
Let L ⊂ L′ be two lattices of C such that the index [L′ : L] is prime to 6, and let ℘L be
the Weierstrass function attached to L. G.Robert introduced in [20] the elliptic function
ψ (z;L, L′) := δ (L, L′)
∏
ρ∈Z(L,L′)
(℘L (z)− ℘L (ρ))
−1 , (1)
where δ (L, L′) is the canonical 12-th root of∆(L)[L
′:L] /∆(L′) defined in [21], and Z (L, L′)
is any complete representative system of (L′/L) \ {0} modulo {−1, 1}. The period lattice
of ψ (z;L, L′) is equal to L and its divisor is the sum
([L′ : L]− 1)(0)L −
∑
ρ∈Z(L,L′)
±ρ. (2)
For any λ ∈ C×, we have
ψ (λz;λL, λL′) = ψ (z;L, L′) . (3)
Now assume that L and L′ are Ok-submodules of C. By [20, (1) p. 232], for any ideal a
of Ok prime to 6 satisfying L
′ ∩ a−1L = L, we have
ψ
(
z;L′, a−1L′
)
=
∏
ρ
ψ
(
z + ρ;L, a−1L
)
, (4)
where the product is over any complete system of representatives system of L′/L. More-
over, if ρ 6= 0 is an m-torsion point of C/L for some ideal m of Ok prime to a, then
ψ
(
ρ;L, a−1L
)
∈ k(m)× and for all ideal b prime to m we have
ψ
(
ρ;L, a−1L
)(b,k(m)/k)
= ψ
(
ρ; b−1L, (ab)−1 L
)
. (5)
In particular if m = nq where n is an ideal of Ok and q is a prime ideal of Ok, then we
have
Nk(nq)/k(n)
(
ψ
(
ρ;L, a−1L
)) wn
wnq =
{
ψ
(
ρ; q−1L, a−1q−1L
)
if q | n
ψ
(
ρ; q−1L, a−1q−1L
)1−(q,k(n)/k)−1
if q ∤ n.
(6)
Theses special values of Robert ψ-functions are used for instance in [17, 18] to construct
groups of elliptic units with very ineresting properties. We also draw the attention of the
reader that theses functions have an analogue in positive caracteristique and are closely
related to Drinfel’d modules. See [16] for more details.
To construct p-adic L functions it is crutial to use lattices L associated to Shimura
elliptic curves, that is those curves satisfying the properties E1 and E3 given below.
Therefore, from now on we fix an integral ideal f of Ok prime to p such that wf = 1, and
we set
F := k(f).
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Also we fix an elliptic curve E such that
E1. E has complex multiplication by Ok.
E2. E is defined over k(f).
E3. All the points of finite order of E are rational over kab .
E4. E has good reduction at all the primes of k(f) not dividing fOF .
(7)
The existence of elliptic curves defined over kab and satisfying E1 and E3 is proved in
[24, page 216]. The existence of elliptic curves E with the additional conditions E2 and
E4 is proved for instance in [7, Chap. II, §1.4 Lemma]. Let R be the integral closure in
F of the discrete valuation ring S−1Ok, where S := Ok \ p. We fix a minimal generalized
Weierstrass model of E with coefficients in R,
y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6. (8)
By minimal we mean that the discriminant of such an equation is a unit at all the prime
ideals of F above p. Let ωE be the usual holomorphic invariant differential attached to
(8), that is
ωE =
dx
2y + a1x+ a3
.
The pair (E, ωE) determines a unique Ok-lattice L of C such that the following isomor-
phism holds,
θ∞,E : C/L
∼
−−−−→ E (C) ,
where for all z ∈ C \ L, θ∞,E(z) is the unique point whose coordinates x∞(z) and y∞(z)
are given by
x∞(z) := ℘L (z)− b2/12 and y∞(z) := (℘
′
L (z)− a1x∞(z)− a3) /2, (9)
where b2 := a
2
1+4a2. The coefficients of the differential equation (℘
′
L)
2 = 4℘3L−g2(L)℘L−
g3(L) satisfied by ℘L are given by
g2(L) = 12
( b2
12
)2
− 2b4 and g3(L) =
b2b4
6
− b6 − 8
( b2
12
)3
, (10)
where b4 := 2a4+ a1a3 and b6 := a
2
3+4a6. Moreover, the discriminant of the equation (8)
is
∆ = −b22b8 − 8b
3
4 − 27b
2
6 + 9b2b4b6 = g
3
2 − 27g
2
3 = ∆(L), (11)
where b8 := a
2
1a6 + 4a2a6 − a1a3a4 + a2a
2
3 − a
2
4.
Let us fix an isomorphism ι : k −→ EndQ(E) := Q⊗Z End(E) such that
ι(µ)∗ωE = µωE, for all µ ∈ k, (12)
If σ ∈ Aut(C) then the conjugate Eσ of E has also complex multiplications by Ok. Thus
E is isogenous to Eσ by [24, Proposition 4.9]. Now suppose that σ ∈ Gal(C/k) and that
the restriction of σ to F is the automorphism σa = (a, F/k) of F/k associated by the
Artin map to some integral ideal of k prime to f, then by Shimura reciprocity law there
exists an isogeny λa : E −→ E
σa uniquely determined by the condition
ρσ = λa(ρ), (13)
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for any torsion point of E of order prime to a, [24, Theorem 5.4]. It is easy to see from
(13) that λτa = λa, for any τ ∈ Gal(C/F ). This proves that λa is defined over F . Let ω
σa
E
be the image of ωE by σa, then there exists Λ(a, L) ∈ F such that
λ∗aω
σa
E = Λ(a, L)ωE. (14)
Indeed, λ∗aω
σa
E is a holomorphic differential on E defined over F , and we know that such
differentials form an F -vector space of dimension 1. Also we deduce from [24, Theorem
5.4] that the lattice attached to (Eσa , ωσaE ) is La := Λ(a, L)a
−1L and the following diagram
commutes
C −−−→ C/L
θ∞,E
−−−→ E
Λ(a,L)
y y yλa
C −−−→ C/La
θ∞,Eσa
−−−−→ Eσa.
In particular,
gn(L)
σa = gn(La) = Λ(a, L)
−2ngn(a
−1L), n ∈ {2, 3}. (15)
Also we see by using (13) and the above commutative diagram that Λ(xOk, L) = x for
any x ∈ Ok satisfying x ≡ 1 modulo f. Another consequence of (13) is the relation
λab = λ
σb
a ◦ λb = λ
σa
b ◦ λa, from which we derive the cocycle rule
Λ(ab, L) = Λ(a, L)σbΛ(b, L),
for all the integral ideals a and b prime to f. This allows us to define Λ(a, L) even for
fractional ideals of k that are prime to f. Let us remark that Eσb also satisfies (7) and
Λ(a, Lb) = Λ(a, L)
σb . (16)
Let Ê be the one parameter formal group of E at the origine, with parameter t :=
−x/y. Ê is defined over Z[a1, . . . , a6] and we have
Ê(t(P ), t(Q)) = t(P +Q).
To go further we consider E as defined on Cp by using the embeding ip. Let M ⊂ Cp
be any complete field containing FP. Let OM be the valuation ring of M and let pM be
the maximal ideal of OM . We write Ê(pM) for pM endowed with the group law given by
Ê. Let E1 (M) be the kernel of E (M) −→ E˜ (MP), where MP := OM/pM and E˜ is the
reduction of E. When OM is a discrete valuation ring then it is proved, for instance in
[26, Chap. VII, Proposition 2.2.], that there is a group isomorphism
θMp,E : Ê(pM) −→ E1 (M)
t 7−→ (t/s(t),−1/s(t))
where s(t) = t3+ ip(a1)t
4+ ip
(
a2 + a
2
1
)
t5+ ... is the unique series with coefficients in OFP
such that s(0) = 0 and
s(t) = t3+ip(a1)ts(t)+ip(a2)t
2s(t)+ip(a3)t(z)
2+ip(a4)ts(t)
2+ip(a6)s(t)
3 for all t ∈ pM .
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In other words, we have the power series expansions
ip(x∞) = t
−2a(t), ip(y∞) = −t
−3a(t), a(t) := t3/s(t). (17)
We remark that
a(t) ∈ OFP[[t]] and a(t) = 1− ip(a1)t− ip(a2)t
2 modulo t3OFP [[t]]. (18)
Actually one may also define a map θ
Cp
p,E in a similar way as above and prove that it is
an isomorphism by using essentially the same arguments used in the case of local fields.
We shall write θp,E instead of θ
Cp
p,E. Let Q (℘L, ℘
′
L) be the subfield of the field of L-elliptic
functions generated by Q, ℘L and ℘
′
L. Let
CE : Q (℘L, ℘
′
L) −−−→ Cp((t)),
be the unique homomorphism of rings extending the map ip, such that CE(x∞) = t
−2a(t)
and CE(y∞) = −t
−3a(t). In the sequel we will also use the notation fˆ for CE(f). The
normalized invariant differential of Ê/OFP is given by
ωˆE =
dxˆ∞
2yˆ∞ + ip(a1)xˆ∞ + ip(a3)
= λ′(t)dt,
where λ ∈ t + t2FP[[t]] is the unique logarithm map of Ê satisfying λ
′(0) = 1, cf. [26,
Chap.IV, §4 and §5]. It is also well known that λ′(t) ∈ OFP [[t]]
× as proved in [13, §5.8].
It is interesting to remark that the equality t = −x/y and (9) allow us to expand t as
a power series in z, t = ϕ(z). The logarithm λ is the inverse of ϕ, that is ϕ ◦ λ(t) = t.
Thus, if P (f) is the Laurent development of f at z = 0 then
fˆ(t) = (P (f) ◦ λ)(t). (19)
Let us recall one more helpful relation, used in the proof of Propositions 4.1 and 4.2.
If f ∈ Q (℘L, ℘
′
L) and P ∈ E1
(
Q
)
, where E1
(
Q
)
:= E1 (Cp) ∩ E
(
ip(Q)
)
, then we have
f
(
θ−1∞,E (P )
)
= i−1p
(
fˆ
(
θ−1p,E (P )
))
, (20)
whenever it is defined.
If a is an integral ideal of Ok then we denote by E[a] the group of points of E anni-
hilated by all a ∈ a. By definition F (E[a]) is the abelian extension of k generated by F
and by the coordinates of the points of E in E[a]. It is proved in many references that
F (E[a]) = k(a) for any elliptic curve E satisfying E1, E2 and E3 in (7) and for any a
such that f|a. See [1, 5, 7, 11] for the details. We point out that in [1, 5] the imaginary
quadratic field k is assumed to be principal. We deduce from above that if a is prime to
f then F (E[a]) = k(af).
Proposition 3.1. Let m 6= Ok be an integral ideal prime to p, and let Ω ∈ C be a primitive
m-torsion point of C/L
(
m = Ω−1L ∩Ok
)
. For any ideal b prime to 6mfp, the L-elliptic
function ΨLΩ,b defined by Ψ
L
Ω,b(z) := ψ
(
z + Ω;L, b−1L
)
is such that
ΨˆLΩ,b(t) ∈ OHP [[t]]
× , (21)
where H = F (E[m]).
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Proof. It is well known that ΨˆLΩ,b(t)
12 ∈ OHP [[t]]
× for L = Ωf, m = f and Ω = Ω.
This is proved in [7, chap II, §4.9 Proposition (i), page 72]. We point out that ΨˆLΩ,b(t)
12 ∈
OHP [[t]]
× is also proved in earlier works, but under some restrictive hypotheses, cf. [5, 1,
22, 30]. To check (21) we observe first that the function
Γ(z) := δ(L, b−1L)/Ψ(z, L, b−1L)
is a polynomial in x∞(z) with coefficients in R and leading coefficient equal to 1. Indeed,
we have ℘L (z) − ℘L (z
′) = x∞(z) − x∞(z
′), for any z, z′ ∈ C \ L. Moreover, the x-
coordinates x∞ (γ) , γ ∈ Z := Z(L, b
−1L), are permuted by Gal(C/F ). Since they are
integral at all the primes above p our claim is proved. Now if we replace x∞(z) by
x∞(z + Ω) the addition law on E gives
x∞(z + Ω) =
(
y∞(z)− y∞(Ω)
x∞(z)− x∞(Ω)
)2
+ a1
y∞(z)− y∞(Ω)
x∞(z)− x∞(Ω)
− a2 − x∞(z)− x∞(Ω).
Therefore we deduce that Γ(z + Ω) is a rational function of x∞(z) and y∞(z) with P-
integral coefficients in H . Let f(z) := x∞(z + Ω) − x∞(γ), for a fixed γ ∈ Z. Then, by
applying (17) and (18) we see that fˆ(t) = ip(x∞(Ω)−x∞(γ))+ tOHP [[t]]. But ip(x∞(Ω)−
x∞(γ)) is a P-unit, for otherwise, the images P˜ and Q˜ in E(HP) of the points P :=
(x∞(Ω), y∞(Ω)) and Q := (x∞(γ), y∞(γ)) would be such that P˜ +Q˜ ∈ E1(HP) or P˜−Q˜ ∈
E1(HP). But the point P˜ + Q˜ ∈ E1(HP) means that P˜ + Q˜ = O or its coordinates are
not P-integral. This is impossible as one may check by using [26, Chapter VII, Theorem
3.4](we recall that Ω ∈ m−1L and γ ∈ b−1L).
Now that we have proved that Γˆ(z + Ω) belongs to OHP [[t]]
× we have to consider
δ(L, b−1L). By [21, Théorème 4] we know that
δ(L, b−1L) ∈ Q(gn(L), gn(b
−1L)))n∈{2,3}.
But one sees immediately from (10) that gn(L) ∈ F for n ∈ {2, 3}, and from (15) that
gn(b
−1L) ∈ F for n ∈ {2, 3}. The 12-th power of δ(L, b−1L) is equal to
∆(L)Nb
∆(b−1L)
= ∆ (L)Nb−1
∆(L)
∆ (b−1L)
.
By (11) and by our choice of E the discriminant ∆(L) is a unit at all the primes of F
above p. Moreover, it is well known that ∆(L) /∆
(
b−1L
)
belongs to k(1), the Hilbert
class field of k, and generates the ideal bOk(1). Since b is prime to p we deduce that
δ(L, b−1L) is a unit at all the primes of F above p too. This completes the proof of the
proposition. 
Corollary 3.1. Let m 6= Ok be an integral ideal of Ok prime to p, and let Ω ∈ C be a
primitive m-torsion point of C/L. For any ideals a and b, such that a is prime to 6mfp
and b is prime to 6amfp, the function ΨLΩ,a,b(z) := ψ
(
z + Ω; a−1L, a−1b−1L
)
satisfies
ΨˆLΩ,a,b(t) ∈ OHP [[t]]
× .
Proof. This is a direct consequence of Proposition 3.1 since we have the identity
ΨLΩ,ab(z) = Ψ
L
Ω,a(z)
N(b)ΨLΩ,a,b(z), (22)
which is a particular case of the multiplicativity formula satisfied by Robert Functions,
[21, Corollaire 3]. 
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4 Coleman series of elliptic units
Let kurp be the maximal unramified extension of kp := kP in Cp. As it is well known the
group Gal(kurp /kp) is topologically generated by the Frobenius automorphism Φ, uniquely
determined by the condition
Φ(ξ) = ξp,
for any root of unity ξ of order prime to p. Φ is also caracterized by the fact that, for any
integral element x in kurp the image Φ(x) is congruent to x
p modulo the maximal ideal of
kurp . Let us remark that the restriction of Φ to F (actually to ip(F )) is just the Frobenius
automorphism σp := (p, F/k) of F/k at p. As we have seen in the previous section, there
is an isogeny λp : E −→ E
σp from which we derive a morphism of formal groups
fE : Ê −→ Êσp .
In other words, fE ∈ OFP [[t]] and satisfies fE ◦ Ê = Ê
σp ◦ fE. Further, the equality
Êσp = ÊΦ and the fact that
fE(t) ≡ Λ(p, L)t modulo t
2OFP [[t]] and fE(t) ≡ t
p modulo pFP[[t]]
clearly shows that Ê is a Lubin-Tate formal group relative to the extension FP/kp as
defined in [7, Chapter I, §1.2 and 1.3]. By [7, Chapter I, Proposition 1.5], for any a ∈ Okp
there exists a unique power series [a]E ∈ OFP [[t]] such that
(i) [a]E(t) ≡ at modulo t
2OFP[[t]].
(ii) [a]ΦE ◦ fE = fE ◦ [a]E .
(iii) [a]E ◦ Ê = Ê ◦ [a]E .
Moreover,
θp,E([ip(a)]E(z)) = a.θp,E(z), for any z ∈ θ
−1
p,E(E1(Q)) and any a ∈ Ok. (23)
To simplify notation we shall write f instead of fE and [a] for [a]E . Let W
n
f := {α ∈
pCp, [a](α) = 0, for all a ∈ p
n}. Then (23) implies that
θp,E(W
n
f ) = E[p
n]
Hence if we let Fn := F (E[p
n]) then, as we have explained just before Proposition 3.1,
the field Fn is equal to the ray class field k(fp
n); and by the equality above
FP(W
n
f ) = F˜n,
where F˜n := (Fn)P denote the completion of ip(Fn) in Cp. To go further we need to
produce primitive pn-torsion points of the elliptic curve E(n) := EΦ
−n
. We fix throughout
this section
Ω a primitive f− torsion point of C/L. (24)
This assumption means that L = Ωc−1f, where c is an ideal of Ok prime to f. Let us also
make the following hypothesis
The ideal c is prime to p. (25)
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Let x ∈ p be such that x ≡ 1modulo f. Then Φ−n = σan = (an, F/k), where an := (xp
−1)n,
and
ρn := λan(θ∞,E(Ω)) = θ∞,E(n)(Λ(an, L)Ω)
is a primitive f-torsion point of E(n) = Eσan . Let
un := Λ(an, L)x
−nΩ− Λ(an, L)Ω = Λ(p
−n, L)(1− xn)Ω.
Then θ∞,E(n)(un) is a primitive p
n-torsion point of E(n) (the origine of E if n = 0). Let
us remark that the lattice Lan associated to (E
(n), ωΦ
−n
E ) is independant of x, and in fact
we have
Lan = Λ(p
−n, L)pnL.
Moreover un modulo Lan is independant of x too.
For any n ∈ Z and any g ∈ Okurp [[t]] we denote Φ
n(g) or gΦ
n
the power series obtained
by applying Φn to the coefficients of g. Also we set
Êalg := θ
−1
p,E(E1(Q)).
Lemma 4.1. The elements πn := θ
−1
p,E(n)
(θ∞,E(n)(un)) (π0 = 0) satisfy πn ∈ W
n
Φ−n(f)\W
n−1
Φ−n(f)
and Φ−n(f)(πn) = πn−1.
Proof. The isogeny λΦ
−n
p : E
(n) −→ E(n−1) sends θ∞,E(n)(un) to θ∞,E(n−1)(un−1) and
induce the following commutative diagramm
(Ê(n))alg
θ
p,E(n)
−−−−→ E(n)1 (Q)
Φ−n(f)
y yλΦ−np
(Ê(n−1))alg
θ
p,E(n−1)
−−−−−→ E(n−1)1 (Q).
This implies the equality Φ−n(f)(πn) = πn−1. 
As proved in [7, Chapter I, Theorem 2.2, page 13], for any norm-coherent sequence
β = (βn) with βn in (O
×
F˜n
), there exists a unique FΩ,β ∈ OFP [[t]]
× such that for any
integer n ≥ 1,
Φ−n(FΩ,β) (πn) = βn. (26)
Proposition 4.1. Let b be an ideal of Ok prime to 6fp. Then the Coleman power series
associated to the projective system of elliptic units v := (ip
(
ψ
(
Ω; pnL, b−1pnL
))
n≥1
is
FΩ,v = Ψˆ
L
Ω,b.
Proof. Let us first remark that for any n ≥ 1
ψ
(
Ω; pnL, b−1pnL
)
= ψ
(
1; c−1pnf, c−1b−1pnf
)
= ψ
(
1; pnf, b−1pnf
)(c,k(pnf)/k)
,
is a unit of k(pnf) as is well known. Moreover, the power series ΨˆLΩ,b lies in OFP [[t]]
×,
thanks to Proposition 3.1. Further, if we choose x such that an is prime to b then the
definition of Robert ψ-functions and (13) give the equality Φ−n(ΨˆLΩ,b) = Ψˆ
Lan
Ωn,b
, where
Ωn := Λ(an, L)Ω. Now an easy computation using (20) gives
Ψˆ
Lan
Ωn,b
(πn) = ip(ψ(Ω; p
nL, b−1pnL)).

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Proposition 4.2. Let a be an ideal of Ok, prime to 6fp. Let b be an ideal of Ok prime to
6afp. Then the Coleman power series associated to the projective system of elliptic units
v := (ip
(
ψ
(
Ω; a−1pnL, b−1a−1pnL
))
n
is FΩ,v = Ψˆ
L
Ω,a,b
Proof. From the multiplicativity formula (22) and the fact that Φ−n(ΨˆLΩ,c) = Ψˆ
Lan
Ωn,c
for any integral ideal c prime to 6p we deduce the relation
Φ−n(ΨˆLΩ,a,b) = Ψˆ
Lan
Ωn,a,b
.
The computation rule (20) gives
Ψˆ
Lan
Ωn,a,b
(πn) = ip
(
ψ
(
Ω; a−1pnL, b−1a−1pnL
))
.

In this last part of section 4 we insert a lemma that will be used in the proof of
Proposition 6.1. Let d ∈ Ok be prime to fp. Then Ω
′ := dΩ is also a primitive f-
torsion point of C/L satisfying the points 1. and 2. above. Moreover, the corresponding
u′n := Λ(p
−n, L)(1− xn)Ω′ is nothing but dun. Therefore
θ∞,E(n)(u
′
n) = d.θ∞,E(n)(un) = d.θp,E(n)(πn) = θp,E(n)([d]E(n)(πn)),
by the definition of πn and (23). Thus if we define π
′
n by θp,E(n)(π
′
n) = θ∞,E(n)(u
′
n) we see
that
π′n = [d]E(n)(πn). (27)
Since [d]E(n) = Φ
−n([d]E) we obtain the following result
Lemma 4.2. Let d ∈ Ok be prime to 6fp. Let a be an ideal of Ok, prime to 6fp. Let b be
an ideal of Ok prime to 6dafp. Then
ΨˆLΩ,da,b = Ψˆ
L
dΩ,a,b ◦ [d]E.
Proof. Use the equality
ψ
(
Ω; (da)−1pnL, b−1(da)−1pnL
)
= ψ
(
dΩ; a−1pnL, b−1a−1pnL
)
,
Proposition 4.2 and (27). 
5 Logarithmic derivative of Coleman series
By the classical theory of formal groups we know that any translation-invariant derivation
on Ê(t, w) over OFP (resp. FP) has the form Dc =
c
λ′(t)
d
dt
, where c ∈ OFP (resp. c ∈ FP).
Let D := D1 then from (19) we deduce that for any g ∈ Q (℘L, ℘
′
L) such that ĝ ∈ FP[[t]]
we have
D(ĝ) = ĝ′.
Let Uf,n(P) be the pro-p-part of O
×
F˜n
. Taking the projective limit under the norm maps,
we define
Uf,∞(P) := lim←−
n
Uf,n(P).
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Recall that for u ∈ Uf,∞(P), the Coleman power series Fu satisfies Fu(0) ≡ 1 modulo pFP
so that log (Fu) is well defined and has coefficients in FP. Moreover, if Fu = ĝ, for some
g ∈ Q (℘L, ℘
′
L) then
D(log ĝ) =
ĝ′
ĝ
.
To obtain p-adic L-functions we first construct OD valued measures, where D is the
completion of kurp . Therefore, as Ehud de Shalit did in [7, Lemma page 18], we have to
consider the power series
l˜ogFu := logFu −
1
p
∑
ω∈W 1f
logFu(t[+]ω) = logFu −
1
p
log(FΦu ◦ f),
where t[+]ω := Ê(t, ω). The second equality follows from the definition of the norm
operator of Coleman given for intance in [7, Proposition 2.1 page 11], usually denoted
by Nf and the identity Nf(Fu) = F
Φ
u proved in [7, Corollary 2.3 page 14]. The series
l˜ogFu ∈ FP[[t]]. But one immediately sees that l˜ogFu ∈ OFP [[t]] thanks to the second
equality and to the fact that hp ≡ hΦ ◦ f modulo pFP for any h ∈ OFP [[t]]. Since
λΦ ◦ f = Λ(p, L)λ we see from above that if Fu = ĝ then
D(l˜og ĝ) =
ĝ′
ĝ
−
Λ(p, L)
p
( ĝ′Φ ◦ f
ĝΦ ◦ f
)
.
But since hp ≡ hΦ ◦ f modulo pFP for any h ∈ OFP [[t]] we obtain
Corollary 5.1. Suppose Fu = ĝ, for some g ∈ Q (℘L, ℘
′
L) then
D(l˜og ĝ) ≡
ĝ′
ĝ
−
Λ(p, L)
p
( ĝ′
ĝ
)p
modulo pFP[[t]].
The field of rational functions on E over F is F (x∞, y∞) with x∞ and y∞ satisfying
(8). Let Ω, a and b be as in Corollary 3.1 with m = f and let V := ΨLΩ,a,b. Then by using
the equality (x∞, y∞) = θ∞,E(z) we see that
RLΩ,a,b :=
(V ′
V
−
Λ(p, L)
p
(V ′
V
)p)
◦ θ−1∞,E
is a rational function on E/F . We draw the attention of the reader that it is necessary
to take m = f to be sure that RLΩ,a,b is defined over F . Let A be the localization of OF at
pF := P∩F . Since E˜ is assumed to be an irreducible curve pFA[x∞, y∞] is a prime ideal
of A[x∞, y∞]. Let A[x∞, y∞]P be the localization of A[x∞, y∞] at this ideal. Then, by the
proof of Proposition (3.1) the function V ◦ θ−1∞,E is actually a unit of A[x∞, y∞]P. Hence
RLΩ,a,b ∈ A[x∞, y∞]P. Let Fq := A/pFA = OF/pF , Fq be the algebraic closure of Fq and
let
red1 : A [x∞, y∞]P −→ Fq (x∞, y∞)
be the ring homomorphism extending the projection map A −→ A/pFA. Recall that
Fq (x∞, y∞) is the function field of E˜/Fq. We are interested in computing the polar
divisor of red1(R
L
Ω,a,b). The divisor of V on C/L is easily deduced from (2) and (22).
Moreover the poles of RLΩ,a,b are all of order p and come from the poles and the zeros of
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V . The maps θ∞,E and the reduction E −→ E˜ give us a map θ˜ : kL/L −→ E˜(Fq) whose
restriction to (abf)−1L/L is injective. Therefore the polar cycle of red1
(
RLΩ,a,b
)
is
CLΩ,a,b = p
[ ∑
r∈(ab)−1L/L
r 6∈a−1L/L
θ˜(r − Ω) + εb
∑
r∈a−1L/L
θ˜(r − Ω)
]
,
where
εb :=
{
0 if p|(N(b)− 1),
1 otherwise.
Let us remark that reduction modulo the coefficients and the map CE defined in section
3 give a commutative diagram
A[x∞, y∞]P
red1−−−→ Fq(x∞, y∞)
CE
y cEy
OFP [[t]]P
red2−−−→ Fq((t)).
where the vertical maps are injectives and cE is deduced from CE.
Proposition 5.1. Let Ω be as in §4. Suppose we have the follwing data.
1. a and b are proper ideals of Ok as in Proposition 4.2.
2. D ⊂ Ok a set of nonzero elements all prime to 6pfb such that the map D −→ (Ok/f)
×
is injective.
Then the reductions red2
(
D(l˜og ΨˆLdΩ,a,b)
)
, d ∈ D, are linearly independant over Fq.
Proof. By Proposition 4.2 the power series ΨˆLdΩ,a,b is a Coleman power series Fv for
some v ∈ lim←−
n
O×
F˜n
. Therefore Corollary 5.1 implies that
red2
(
D(l˜og ΨˆLdΩ,a,b)
)
= red2 ◦ CE
(
RLdΩ,a,b
)
= cE ◦ red1
(
RLdΩ,a,b
)
.
Since cE is one to one we are reduced to consider red1
(
RLdΩ,a,b
)
. But these rational
functions on E˜/Fq are linearly independant on Fq. For, the support of the polar cycles
CLdΩ,a,b and C
L
d′Ω,a,b are disjoint unless d = d
′.
6 The p-adic L functions and their µ-invariant
Let us fix, once for all, primitive pn roots of unity ζn such that ζ
p
n = ζn−1. We recall that
D is the completion of the maximal unramified extention of kp.
6.1 The measure µf
Let f, E and L be as in section 3 above. Since the quotient Λ(p, L)/p is a unit in FP ⊂ D,
where F = k(f), there exists a unit Ωp ∈ D such that the following equality holds
ΩΦ−1p =
Λ(p, L)
p
,
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whose proof may be found for instance in Iwasawa’s book [14, Lemma 3.11]. Thus, if
Ĝm is the multiplicative formal group then there exists a unique isomorphism of formal
groups η : Ĝm −→ Ê such that η ∈ XOD[[X ]], η
′(0) = Ωp and
fE ◦ η = η
Φ ◦ [p]m,
where [p]m := (1 +X)
p − 1. This implies in particular that for any a ∈ Okp = Zp,
η−1 ◦ [a]E ◦ η = [a]m := (1 +X)
a − 1. (28)
Let F˜∞ := ∪F˜n and let G := Gal(F˜∞/FP). Then, by [7, Proposition 1.8 page 11], there
exists a unique isomorphism of topological groups κ : G −→ Z×p such that κ(σ) satisfies
[κ(σ)]E(ω) = σ(ω), for all ω ∈ WfE := ∪W
n
fE
.
The map κ does not dependant on our choice of E or f. Indeed, on one hand the Galois
group G′ := Gal(DF˜∞/D) is isomorphic to G. On the other hand, F˜nD = D(ζn) =
D(W nf ) and κ is just the action of G
′ on the Tate module lim←−
n
< ζn >. Moreover the
system
ωn := Φ
−n(η)(ζn − 1)
satisfy ωn ∈ W
n
Φ−n(fE)
\W n−1Φ−n(fE) and Φ
−n(fE)(ωn) = ωn−1.
Let us now make our choice of E and L so that L = Ωf for some Ω, which in turn is
automatically a primitive f-torsion point of C/L. Then by the general theory of formal
groups, there exists d ∈ Z×p such that πn = Φ
−n([d]E)(ωn), where (πn)n is the system
defined in Lemma 4.1. Thus, replacing Ωp by dΩp if necessary, and η by [d]E ◦ η we may
suppose that ωn = πn, for all n.
For any β ∈ Uf,∞(P) the power series gβ := l˜ogFΩ,β ◦ η ∈ OD[[X ]] gives rise to an
OD-valued measure µgβ on Zp defined by
gβ(z) =
∫
G
(1 + z)xdµgβ(x), for all z ∈ pD.
Chapter 4 of Lang’s book [15], particularly Theorems 1.1 and 1.2 are helpful to undertand
the connection between measures on Zp and power series. We should recall that if H and
H ′ are any profinite abelian groups and h : H −→ H ′ is any continuous map then we can
use h to carry a given OD-valued measure µ on H to obtain an OD-valued measure h∗µ
on H ′ defined as follows. Let χ : H ′ −→ Cp be a continuous map. Then∫
H′
χ(σ)d(h∗µ)(σ) =
∫
H
(χ ◦ h)(τ)dµ(τ).
If H = H ′ then the action of τ ∈ H on µ ∈ Λ(H,OD) is such that
τ.µ = (hτ )∗µ,
where hτ is multiplication by τ . If H = H
′ = Zp and h = ha for some a ∈ Z
×
p then we
have
(ha)∗µg = µg◦[a]m , (29)
where µg (resp. µg◦[a]m) is the measure on Zp associated to the power series g (resp.
g ◦ [a]m). Let us define the OD-valued measure on G
µβ := κ
−1
∗ µgβ ,
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and let Λ(G,OD) be the Zp-algebra of OD-valued measures on G. Since FΩ,γ(β) = FΩ,β ◦
[κ(γ)] for any γ ∈ G by [7, Corollary 2.3 (iv) page 14] we see that the map β 7−→ µβ is a
Zp[[G]]-homomorphism from Uf,∞(P) into Λ(G,OD). In particular
µγ(β)(γU) = µβ(U), (30)
for any compact open subset U of G and all γ ∈ G.
For any n and any prime ideal D of k(fp∞) := ∪k(fpn) above p we denote Uf,n(D)
the principal units in the completion of k(fpn) at D. We denote the projective limit
lim←−
n
Uf,n(D) by Uf,∞(D) and we set
Uf,∞ :=
∏
D
Uf,∞(D),
the projective limit of semi-local units. Let us identify G to If := Gal(k(fp
∞)/k(f)) and
let i : If −→ Gf,∞ := Gal(k(fp
∞)/k) be the inclusion map. Then to any β ∈ Uf,∞ we
associate the following OD-valued measure on Gf,∞,
µ0β :=
∑
σ∈R
(hσ−1 ◦ i)∗µ(βσ)P , (31)
where R is any complete representative system of Gf,∞ modulo If and, for any σ ∈ R,
(βσ)P is the canonical image of β
σ in Uf,∞ (P). Let us remark that the definition of µ
0
β
does not depend on R. This is a consequence of (30). Moreover the map β 7−→ µ0β is a
Zp[[Gf,∞]]-homomorphism from Uf,∞ into Λ(Gf,∞,OD).
For any n ∈ N we let Fn := k(fp
n) and map O×Fn into the product
∏
D
Uf,n(D), where
D describes the set of prime ideals of Fn above p, Let us denote υn this map,
υn : O
×
Fn
−→
∏
D
Uf,n(D).
Then we shall always assume that the component in Uf,n(P) of υn(β) is the projection of
ip(β). We are interested in the projective system of semi-local units
β := υn(ψ
(
Ω; a−1pnL, (ba)−1pnL
)
),
where a and b are as in proposition 4.2. Since
ψ
(
Ω; a−1pnL, (ba)−1pnL
)
= ψ
(
1; a−1fpn, (ba)−1fpn
)
,
the power series g(βσ)P depends only on f, a, b and σ, and the measure µ
0
β depends only
on f, a and b. We denote it µf(a, b). If c is an ideal of Ok prime to fp then we denote σc
the automorphism (c, k(fp∞)/k) associated to c by the Artin map. The relations
ψ
(
Ω; a−1pnL, (ba)−1pnL
)
= ψ
(
Ω; pnL, b−1pnL
)σa
ψ
(
Ω; pnL, b−1pnL
)N(c)−σc
= ψ
(
Ω; pnL, c−1pnL
)N(b)−σb
imply
µf(a, b) = σaµ
f(1, b) and (N(c)− σc)µ
f(1, b) = (N(b)− σb)µ
f(1, c).
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As it is shown in [7, proof of Theorem 4.12, pages 77-78] (this is, in some how, also the
conclusion of [9, Proposition 273]) one may deduce from the second equality the existence
of a unique OD-valued measure µ
f on Gf,∞ such that
µf(1, b) = (N(b)− σb)µ
f.
The norm relations (6) have a translation in terms of measures. Indeed, Let q be a prime
ideal of Ok and let g = fq. Then µ
g induces by using the restriction map resgf : Gg,∞ −→
Gf,∞ the following measure on Gf,∞
resgf ∗µ
g =
{
µf if q | f
(1− σ−1q )µ
f if q ∤ f.
(32)
This allows us to define µf even if wf 6= 1. Indeed, suppose f 6= (1) and choose any positive
integer m such that wfm = 1. Then we set
µf := resf
m
f ∗
µf
m
.
This definition does not depend on m thanks to (32). If f = (1) then we remark that
(1− σ−1q2 )res
q1
(1)∗
µq1 = (1− σ−1q1 )res
q2
(1)∗
µq2 ,
for any prime ideals q1 6= p and q2 6= p. Therefore there exists a unique pseudo-measure
µ(1) such that
resq(1)∗
µq = (1− σ−1q )µ
(1),
for any prime ideal q 6= p.
6.2 The p-adic L-function Lp,f and associated power series
Let us fix
κ1 : Gal(k∞/k) −→ 1 + p
ǫZp
an isomorphism of topological groups, where ǫ := 1 if p 6= 2 and ǫ := 2 if p = 2. Then for
any OD-valued measure µ on Gf,∞ and any p-adic character χ of Gf,∞ of finite order we
define
Lµ,f(χ, s) := Lµ,f(χκ
−s
1 ) :=
∫
Gf,∞
χ(σ)−1κ1(σ)
sdµ(σ), for all s ∈ Zp,
where κ1(σ) := κ1(σ|k∞). We define Lµ(1) ,(1) by the same formula when the pseudo-measure
µ(1) is considered, but then we assume χ 6= (1). By definition
Lp,f := Lµf,f.
Let us fix an isomorphism
Gf,∞ ≃ Gal(k∞/k)×Gal(k(fp
∞)/k∞).
Let γ0 (resp. c) be a topological generator of Gal(k∞/k) (resp. 1 + p
ǫZp) and let κ1 be
chosen so that c := κ1(γ0). Then any element of 1 + p
ǫZp is uniquely written as c
x, with
x ∈ Zp. Thus we have a continuous map
ℓ : 1 + pǫZp −→ Zp,
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defined by ℓ(cx) = x. Let α := ℓ ◦ κ1. We transform our measure µ, or our pseudo-
measure µ(1), to obtain an OD(χ)-valued measure ν := α∗(χ
−1µ) on Zp, where D(χ) is the
finite extension of D generated by the values of χ, supposed to be non-trivial when µ(1)
is considered. Let Gµ(χ,X) ∈ OD(χ)[[X ]] be the power series associated to this measure
and let υ := (κ1)∗(χ
−1µ), then
Lµ,f(χ, s) =
∫
1+pǫZp
xsdυ(x) =
∫
Zp
csxdν(x) = Gµ(χ, c
s − 1).
See [15, Chap.4, Theorem 1.2 and Example 2]. Moreover, if we write χ = χ0χ1, where χ0
is trivial on Gal(k∞/k) and χ1 is trivial on Gal(k(fp
∞)/k∞), then
Gµ(χ,X) = Gµ(χ0, χ1(γ0)
−1(1 +X)− 1),
whenever χ0 6= 1 or µ 6= µ
(1). The proof of such equality may be found in [15, Chap.4,
meas 2]. By definition we set
Gp,f(χ,X) := Gµf(χ,X).
We point out the relation
Gp,q(χ ◦ res
q
(1), X) = (1− χ(σq)(1 +X)
−d)Gp,(1)(χ,X), d := α(σq),
for any χ 6= (1) and any prime ideal q 6= p. Also we define
Gp,(1)(1, X) := Gp,q(1, X),
where q 6= p is any prime ideal satisfying γ−10 = (q, k∞/k). In particular, for χ = χ0χ1 as
above with χ0 = 1, we have
Gp,(1)(χ1, X) =
Gp,(1)(1, χ1(γ0)
−1(1 +X)− 1)
1− χ1(γ0)−1(1 +X)
.
Let f, E and L be as in subsection 6.1. In particular, we have L = Ωf. Let µ = µ0β
for some β ∈ Uf,∞. Then one may write Gµ(χ0, X) in terms of what Gillard call the
Iwasawa-Mellin-Leopoldt transform of measures obtained from DΩp(l˜ogFΩ,(βσ)P) ◦ η, for
σ ∈ R. The differential operator DΩp is already defined in the beginning of section 5 as
Ωp
λ′(t)
d
dt
. Here we should mention the relation λ ◦ η(X) = Ωp log(1 + X) from which we
deduce
DΩp(Ψ) ◦ η = ∂(Ψ ◦ η),
for any Ψ ∈ FP[[t]], where ∂ = (1 +X)
d
dX
. By its very definition the measure µ
l˜ogFΩ,u◦η
,
for u ∈ Uf,∞(P), has its support in Z
×
p . Therefore
µDΩp(l˜og FΩ,u)◦η
= µ∂(l˜ogFΩ,u◦η) = ϕµl˜ogFΩ,u◦η,
where ϕ(x) = x for all x ∈ Z×p . The last equality is proved for instance in [15, Chap. 4
Meas 7 page 105]. Let ∆p be the group of roots of unity in Z
×
p . Then for any OD-
valued measure µ on Zp we denote by IML(µ) the power series associated to the measure
ℓ∗α¨|1+pεZp , where
α¨ :=
∑
δ∈∆p
(hδ)∗µ.
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If µ = µg for some power series g then we also write IML(g) for IML(µg). In the proof
of Proposition 6.1 below we shall use the relation
(1 +X)dIML(g ◦ η) = IML(g ◦ [cd]E ◦ η) (33)
easily deduced from the definition of the IML transformation and from (28) and (29).
Let f ∈ N be such that k(f) ∩ k∞ = k(1) ∩ k∞ = kf and let s = p
f . Let γ0 and c be such
that the restriction of κ−1(c) to k∞ is equal to γ
s
0,
κ−1(c)|k∞ = γ
s
0 (34)
Let ω : Z×p −→ ∆p be the group homomorphism such that x = ω(x)c
ℓ(x) and let us set
ω(x) = 0 for x ∈ pZp. For any u ∈ Uf,∞ (P) we set
µ′u(i) := ω
iµ∂(l˜ogFΩ,u◦η) and G
i
u(X) := IML (µ
′
u(i)) (c
−1 (1 +X)− 1). (35)
Lemma 6.1. Let β ∈ Uf,∞. Let χ = χ0 be a p-adic character of Gf,∞ (χ1 = 1). Let i ∈ Z
be such that χ−1 ◦ κ−1 = ωi. Then
Gµ0β(χ0, X) =
∑
σ∈R
χ0(σ) (1 +X)
−<σ>Gi−1(βσ)P
((1 +X)s − 1) ,
where < σ >:= (ℓ ◦ κ1)(σ).
Proof. Since the computations are straightforward we omit them.
6.3 The µ-invariant of Gµ0β(χ0, X)
Let f, E and L be as in section 3 with the additional condition L = Ωf for some complex
number Ω. Let ord be the valuation of Cp normalized by ord(p) = 1. Let M be a finite
extension of Qp. If f =
∑
anX
n is an element of OD(M)[[X ]] associated to an OD(M)-
valued measure α on Zp, then by µ(f) or µ(α) we mean the minimum of ord(an), n ∈ N.
Usually we denote f ∗ the power series associated to the restriction of α to Z×p . We have
f ∗(X) = f(X)−
1
p
∑
ζp=1
f(ζ(1 +X)− 1).
Theorem 6.1. ([9, Theorem 1.5.1] for p > 3) Let F be a finite subset of O×kp (= Z
×
p ),
such that for any (a, b) ∈ F2, if ζa/b ∈ Ok, for some ζ ∈ ∆p, then a = b. Let M be a
finite extension of Qp, and let fa, a ∈ F be a set of power series in OM [[t]] ∩M(xˆ∞, yˆ∞)
µ
(∑
a∈F
IML (fa ◦ η◦[a]m)
)
= min
a∈F
µ
( ∑
δ∈µ(k)
(fa ◦ η)
∗ ◦ [δ]m
)
Proof. If p ≥ 5 then this theorem is exactly Théorème 1.5.1 of Gillard’s paper [9].
If p = 2 or p = 3 then Gillard’s method still applies. Indeed, following a remark made
by Sinnott in his proof of [27, Theorem 1] and also used by Gillard, we may suppose that
(fa ◦ η)
∗ = fa ◦ η and (fa ◦ η) ◦ [δ]m = fa ◦ η, for all a ∈ F and all δ ∈ µ(k). In this case,
and since wk = 2, we have to prove
µ
(∑
a∈F
IML (fa ◦ η ◦ [a]m)
)
= 2min
a∈F
µ (fa ◦ η) . (36)
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Let us denote αa, for a ∈ F , the OD(M)-valued measure of Zp associated to fa ◦ η. Let
U := 1 + pǫZp. Then it is easy to see that
(ha∗αa)|U = ha∗(αa|δaU), with δa := ω(a)
−1.
Let ga ◦ η be the power series associated to αa|δaU . Then, since ∆p = µ(k) = {−1, 1}, the
left hand side of (36) is equal to 2µ
(∑
a∈F
ga ◦ η ◦ [a]m
)
. Hence we have to show
µ
(∑
a∈F
ga ◦ η ◦ [a]m
)
= min
a∈F
µ (fa ◦ η) .
We may assume that min
a∈F
µ (fa ◦ η) = 0. If µ
(∑
a∈F
ga ◦η ◦ [a]m
)
> 0 then the relation η−1 ◦
[a]E ◦ η = [a]m implies that µ
(∑
a∈F
ga ◦ [a]E
)
> 0. As proved by Gillard in [10, Proposition
2.3.3] there exists M ′ a finite extension of Qp such that ga ∈ OM ′ [[t]] ∩M
′(xˆ∞, yˆ∞), for
all a. This result is the analogue of [27, Lemma 1.1]. Let us briefly explain how to check
it. Fix a ∈ F . Let χa be the characteristic function of δaU and decompose χa as a sum
χa(u) =
1
pǫ
pǫ−1∑
i=0
θiζ iuǫ ,
where θ := ζ−δaǫ . Let t := η(X) and ti := η(ζ
i
ǫ − 1), then
ga(t) =
1
pǫ
pǫ−1∑
i=0
θifa(t[+]ti),
where t[+]ti = Ê(t, ti). The addition law on E(see for instance [26, page 58]) and the
fact that the t′is are in k(fp
ǫ)P show that xˆ∞(t[+]ti) and yˆ∞(t[+]ti) are rational functions
of xˆ∞(t) and yˆ∞(t) with coefficients in F˜ǫ := k(fp
ǫ)P. Hence if fa ∈ M(xˆ∞, yˆ∞) then
ga ∈MF˜ǫ(θ)(xˆ∞, yˆ∞).
By reducing ga modulo the maximal ideal of M
′ we obtain the equality∑
a∈F
g¯a ◦ [a]E˜ = 0.
By [9, 1.1.1 Théorème], for any a ∈ F the power series g¯a ◦ [a]E˜ is constant. Hence g¯a is
contant. Let π be a uniformizer of M ′ and υ0 be the Dirac measure at 0. As Sinnott did
in his case we translate the above conclusion into measures to obtain
αa|δaU = caυ0 + πα
′
a,
for some constant ca ∈ OD(M ′), and some OD(M ′) valued measure α
′
a on Zp. But this is
possible only if ca ≡ 0 modulo π. Since αa is invariant by [δ] for δ ∈ µ(k) we deduce that
αa ≡ 0 modulo π; which is a contradiction with the assumption min
a∈F
µ (fa ◦ η) = 0. This
completes the proof of our theorem. 
Let J be a set of ideals of Ok, prime to fp, in bijection with Gal (k(1)/k) via the Artin
map. For each j ∈ {0, ..., s− 1}, we define Jj ⊆ J to be the subset formed by the c ∈ J
such that < σc >≡ j mod s, where σc := (c, k(fp
∞)/k).
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Lemma 6.2. If c is a principal ideal of Ok prime to fp, generated by some x ≡ 1 modulo
f then κ(σc) = ip(x).
Proof. Since σc is the identity map on F we deduce from section 3 that the isogeny
λc is simply the endomorphism of E associated to x, and that σc commutes with θp,E . In
particular for any ω ∈ WfE we have
θp,E(σc(ω)) = θp,E(ω)
σc = x.θp,E(ω).
But we know from (23) that x.θp,E(ω) = θp,E([ip(x)]E(ω)). This proves the lemma. 
Corollary 6.1. ([9, Proposition 2.3.7.] for p > 3) If c is a principal ideal of Ok prime
to p, generated by some x ≡ 1 modulo pǫ then κ1(τc) = ip(x)
s, where τc := (c, k(p
∞)/k).
Proof. In his original proof Gillard used the grossencharacter of the elliptic curve E
over k(f). Here we give a more elementary proof using only lemma 6.2. Let (xn)n≥ǫ be a
sequence of elements in Ok all prime to fp, such that xn ≡ 1 modulo f and xn ≡ x modulo
pn, for all n ≥ ǫ. In particular ip(xn) ∈ 1 + p
ǫZp. Let cn := xnOk, then by lemma 6.2 we
have κ(σcn) = ip(xn) which implies, thanks to (34), that
κ1(σcn) = ip(xn)
s.
We deduce the corollary by using the continuity of κ1. 
Corollary 6.2. ([9, Lemme 2.11.3.] for p > 3) For any j ∈ {0, ..., s − 1} the set Fj :={
c(j−<σc>)/s; c ∈ Jj
}
satisfies the hypothesis of Theorem 6.1.
Proof. This is a consequence of the above corollary 6.1. The proof of Gillard is valid
even in the case p ∈ {2, 3}. So we omit the details. 
Proposition 6.1. ([9, Théorème 2.9.] for p > 3) Let a and b be proper ideals of Ok, as
in Proposition 4.2. Let β := (υn(un)) be the projective system of semi-local units where
un = ψ
(
Ω; a−1pnL, (ba)−1pnL
)
.
Then Gµ0β(χ0, X) is prime to p in OD(χ0)[[X ]].
Proof. Let R′ be a complete system of representatives of Gal (k(fp∞)/k(1)) mod If.
Since µ0β does not depend on the choice of R, we may take R = ⊔
s−1
j=0Rj, where Rj is the
set of products σdσ
′ with d ∈ Jj and σ
′ ∈ R′. By Lemma 6.1, we have
Gµ0β(χ0, X) =
s−1∑
j=0
(1 +X)−j Sj ((1 +X)
s − 1) ,
where for all j ∈ {0, ..., s− 1},
Sj(X) =
∑
σ∈Rj
χ0(σ) (1 +X)
(j−<σ>)/s Gi−1(βσ)P
(X).
In such a situation the lemma 2.10.2 [9] is helpful, since by this lemma it is sufficient
to show that S0 is prime to p or, equivalently, S0 (c(1 +X)− 1) is prime to p. If for
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u ∈ Uf,∞ (P) we denote fu the power series DΩp(l˜ogFΩ,u) then by (33) and (35) we have
S0 (c(1 +X)− 1) = IML(ω
i−1µh), where
h :=
∑
σ∈R0
χ0(σ)c
−<σ>/s
(
f(βσ)P◦
[
c−<σ>/s
]
E
◦η
)
. (37)
Also we may write h =
∑
χ0 (σd) c
−<σd>/shd ◦
[
c−<σd>/s
]
m
, where the sum is over all
d ∈ J0 and where
hd :=
∑
σ∈R′
χ0(σ)c
−<σ>/s
(
f(βσdσ)P◦
[
c−<σ>/s
]
E
◦η
)
.
Let Ξ ⊂ Ok be a complete representative system of (Ok/f)
× modulo µ(k). We assume
that all the elements b in Ξ are prime to 6pf and b ≡ 1 modulo pǫ. Let us take R′ to be
the set of σb := (bOk, k(fp
n)/k) with b ∈ Ξ. Corollary 6.1 then implies
ip(b) = c
<σb>/s.
Since Fβ = Ψˆ
L
Ω,a,b we have
c−<σb>/sf(βσdσb)P◦
[
c−<σb>/s
]
E
= b−1DΩp(l˜og Ψˆ
L
Ω,bad,b) ◦ [b
−1]E = DΩp(l˜og Ψˆ
L
bΩ,ad,b).
The last equality being an application of the above lemma 4.2. At this stage we need the
following remark. Let µf be an OD(χ0)-valued measure on Zp associated to some power
series f in OD(χ0)[[X ]], and let ω
i ∗ f ∈ OD(χ0)[[X ]] be the power series associated to the
measure ωiµf . Then it is easy to check that f is prime to p if, and only if, ω
i ∗ f is prime
to p. Thereby, Theorem 6.1 and Lemma 6.2 say us we only have to prove that for some
d ∈ J0 the power series
χ0 (σd) c
−〈σd〉/s
( ∑
δ∈µ(k)
b∈Ξ
χ0(σb)DΩp(l˜og Ψˆ
L
bΩ,ad,b) ◦ [δ]E ◦ η
)
is prime to p. Since DΩp(l˜og Ψˆ
L
bΩ,ad,b) ◦ [δ]E = δ
−1DΩp(l˜og Ψˆ
L
δ−1bΩ,ad,b), thanks to Lemma
4.2, we are led to investigate the coefficients of the power series∑
δ∈µ(k)
b∈Ξ
χ0(σb)δ
−1DΩp(l˜og Ψˆ
L
δ−1bΩ,ad,b) ◦ η.
The last step is to apply Proposition 5.1 whose second hypothesis is satisfied by the
elements δb of Ok. Hence we deduce that the above sum has at least one coefficient prime
to pD(χ0). This completes the proof of the proposition. 
6.4 The µ-invariant of Lp,f
The aim of this short subsection is to prove the following
Theorem 6.2. For any f and any p-adic character χ = χ0 of Gf,∞ (χ1 = 1), the power
series Gp,f(χ0, X) is prime to p in OD(χ0)[[X ]].
Proof. The Theorem is a simple consequence of Proposition 6.1 since by construction
we may assume that wf = 1. But in this case we have(
N(b)− χ(σb)
−1(1 +X)<σb>
)
Gp,f(χ,X) = Gβ(χ,X),
For any β := (υn(ψ
(
Ω; a−1pnL, (ba)−1pnL
)ν
)). This concludes the proof. 
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7 From p-adic L functions to X∞
Let K be the abelian extension of k fixed in the introduction, and let us denote by Kn
(resp. Mn) the unique abelian extension of k such that K ⊂ Kn ⊂ K∞ and [Kn : K] = p
n
(resp. the maximal abelian p-extension of Kn unramified outside of p. Since M∞ = ∪Mn
the group X∞ is equal to the inverse limit
X∞ = lim←−
n
Gal(Mn/Kn),
Moreover, if Γn := Gal(K∞/Kn) = Γ
pn then it is easy to see that the module of co-
invariants (X∞)Γn of X∞ is isomorphic to Gal(Mn/K∞),
(X∞)Γn ≃ Gal(Mn/K∞).
But Gal(Mn/K∞) is finite. This is a consequence of class field theory and the non vanish-
ing of the p-adic regulator Rp(Kn), [2, Theorem 2
′]. Let us write a ∼ b for any numbers
a and b such that the quotient a/b is a p-unit.
Lemma 7.1. Let e and f be defined by K ∩ k∞ = ke and k(1) ∩ k∞ = kf . Let q := 4 if
p = 2 and q := p otherwise. Then we have
[Mn : K∞] ∼ qp
n+e−f h(Kn)Rp(Kn)
wKn
√
∆p(Kn)
∏
P
(
1−
1
N(P)
)
. (38)
As usual, ∆p(Kn) is the p-component of the relative discriminant of Kn/k. The product
in the formula is over all the prime ideals of Kn lying above p.
Proof. This is [4, Theorem 11] in case p > 2 and p does not divide the class number
of k. The general case is proved in a similar way. We point out that in case p > 2
and K = k(fp) for some integral ideal f of k prime to p this lemma is nothing but [7,
Proposition 2.7, page 112]. 
Now let ΘI(G) be the group of elliptic units defined by R. Gillard and G. Robert in [8,
§1]. It is proved in [8, Corollary of §2] that ΘI(G) is a subgroup of O
×
K isomorphic as a
Galois module to the augmentation ideal of Z[Gal(K/k)]. If χ is a non-trivial Qp-character
of Gal(Kn/k) then we define the sum S(χ) as follows
S(χ) :=

∑
σ∈Gal(k(gχ)/k)
χ(σ) log(ip(ϕgχ(σ))) if gχ 6= (1),
1
h(k)
∑
σ∈Gal(k(gχ)/k)
χ(σ) log(ip(δ(σ))) if gχ = (1),
where gχ is the conductor of χ. If gχ 6= (1) then ϕgχ(σ) ∈ k(gχ) is the Robert invariant
defined in [19, §2.2 Définition page 15]. See also [7, formula (17) page 55]. By δ(σ) ∈ k(1)
we mean the Siegel unit defined for instance in [25, chap.2 §2]. See also [19, §3.1 Définition
page 24] or [7, §2.2 Proposition page 49].
By using the formulas (2) and (3) in [8] and the fact that
[O×K : ΘI(G)] ∼
Rp(ΘI(G))wKn
Rp(Kn)
,
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we find the relation
wkRp(Kn)h(Kn)
h(k)wKn
∼
∏
χ 6=1
S(χ)
12gχwgχ
, (39)
where the product is over all the non-trivial Qp-characters of Gal(Kn/k). For each such
χ we have written gχ for the least positive integer in gχ and wgχ for the number of roots
of unity in k congruent to 1 modulo gχ.
From (38) and (39) we deduce
[Mn : K∞] ∼
qpn+e−fh(k)
wk
√
∆p(Kn)
∏
P
(
1−
1
N(P)
)∏
χ 6=1
S(χ)
12gχwgχ
.
But recall the p-adic Kronecker formula stated in [7, Theorem 5.2 page 88]. We have
Lp,fχ(χ, 0) = −G(χ
−1)(1−
χ−1(p)
p
)
S(χ)
12gχwgχ
,
Where fχ is the part of gχ prime to p. If gχ = fχp
nχ and f is any multiple of fχ prime to
p and such that wf = 1 then
G(χ) :=
1
pnχ
∑
γ∈Gal(k(fpnχ )/k(f))
χ(γ)ζ−κ(γ)nχ .
It is easy to check the relation G(χ)G(χ−1) = χ(τ)/pnχ where τ is the restriction to
k(fpnχ) of κ−1(−1). Thus, by the conductor-discriminant theorem proved for instance in
[14, Theorem 7.15] we obtain the relation(∏
χ
G(χ)
)2
=
±1
∆p(Kn)
.
Further, we remark that
∏
P
(1−
1
N(P)
) = (1−1/p)
∏
χ 6=1
(1−
χ−1(p)
p
) and (1−1/p)q/wk ∼ 1.
Therefore
[Mn : K∞] ∼ [k(1) : kf ]p
n+e
∏
χ 6=1
Lp,fχ(χ, 0).
Using the computations made in the first half of the subsection 6.2 we have
Lp,fχ(χ, 0) =

Gp,fχ(χ0, χ1(γ0)
−1 − 1) if χ0 6= 1,
Gp,(1)(1, χ1(γ0)
−1 − 1)
1− χ1(γ0)−1
if χ0 = 1.
Since fχ = fχ0 and the product of χ1(γ0)
−1 − 1, for χ1 6= 1 is equal to p
n+e we obtain
[Mn : K∞] ∼ [k(1) : kf ]
∏
Gp,fχ0 (χ0, ζ − 1),
where the product concerns all the characters χ0 of Gal(Kn/kn+e) ≃ Gal(K∞/k∞) and all
the pn+e-th roots of unity but (χ0, ζ) 6= (1, 1). Now it is time to use Theorem 6.2, which
says us that for a fixed χ0 there exists n0 such that
Gp,fχ0 (χ0, ζ − 1) ∼ (ζ − 1)
λχ0 ,
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for all root of unity ζ of order ≥ pn0, where λχ0 is the λ-invariant of Gp,fχ0 (χ0, X). Thus
there is a constant νan such that
[Mn : K∞] ∼ [k(1) : kf ]p
λann+νan (40)
for all sufficiently large n, with λan :=
∑
λχ0. Since [Mn : K∞] = #(X∞)Γn =
pµ∞p
n+λ∞n+ν∞ for any n >> 0, where µ∞, λ∞ and ν∞ are the Iwasawa invariants of
X∞ we deduce that
µ∞ = 0, λ∞ = λan and ν∞ = νan. (41)
This proves the theorem 1.2 given in the introduction. The interested reader may take a
look on [28] where a comparison between the Iwasawa invariants of the projective limit
of the p-class group and the projective limit of units modulo elliptic units.
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